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In this paper the author investigates the equations of the perturbed
motion of a gyrocompass with two rotors, which does not have the pro-
perties of the space (free) gyrocompass of Geckeler-Anschutz.

Without dwelling on the properties of a space gyrocompass in detail,
we shall mention only that the natural, undamped vibrations of its sens-
ing element have equal periods with respect to all three principal axes
of inertia and that this period approximately equals the Schuler period
that is Tb = 1my/ R/g (R is the earth’s radius, g is the gravitational
acceleration),

The above mentioned property is imparted through a spring, which couples
the two gyroscopes and creates a moment about the vertical axis of each
inner ring, given by the formula

N = Asin2e (0.1}

where A is a certain proportionality factor, 2¢ is the angle between the
axes of rotation of the two rotors. The theory of the space gyrocompass
in simplified term is given in the books of Geckeler [ 1], Grammel [2]
and Bulgakov [3 ].

The equations derived in the work of Ishlinskii [4 ] could be applied
to a gyrocompass which does not possess the properties of a spatial gyro-
compass, like, for example, the two-rotor compass of Anschutz, and also
certain domestic two-rotor gyrocompasses.

This paper contains an investigation of the unperturbed motion of the
above described gyrocompass on the assumption that it is mounted on a
ship travelling at high latitudes (70-80°).

In the gyrocompass investigated in this paper the condition (0.1) is
not satisfied.

When a gyroscope turns about the axis of its inner ring by a small
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perturbation angle & from the position of its unperturbed equilibrium
characterized by the angle ¢ = €qe then the spring which is coupling the
two gyroscopes creates the restoring moment

M = sd (0.2)

where s is the slope of the characteristic of the restoring moment de-
pending on the rigidity of the spring coupling,

1. We shall assume that for the unperturbed motion of a gyrocompass
the following condition 1s satisfied

oS &y = ;—%{‘V (V =V (Rucos ¢ + vg)*+ 23)) {1.1)

where B is the angular momentum of a rotor, Pl is the pendular moment of
the gyrocompass, V 1s the velocity of the suspension point of the gyro-
sphere, u is the angular velocity of the earth, ¢ 1s the latitude, vy Vg
are, respectively, the Northern and Eastern components of the ship’s
velocity.

The differential equations of the perturbed motion of the gyrocompass
under consideration, which is mounted on a manoeuvering ship, are given in
the paper [ 4 ]. Assuming that the conditions (0.2) and (1.1) are satis-
fied we have

?%(va>—Pls—2Bsine0m=o, F+ G —0r=0

(1.2)

4 (2Bsine,8)— Ply + LQVa =0, 54 QB =0

T+ 2Bsme
Here a is the aximuth deviation angle of the gyrosphere, 8 is the
elevation angle of the Northern end of the gyrosphere above the plane

tangent to the earth's surface, y is the angle of rotation of the gyro-
sphere about the North-South line.

The equations (1.2), as well as the equations given in the paper [41],
refer to the right-handed coordinate trihedral x%y%:z% of Darboux, the x°-
axis coinciding with the velocity vector V of the suspension point along
the tangent line to the earth’s surface; the earth is assumed to be a
sphere of radius R and the 2%-axis is along the normal to the earth’s sur-
face.

The angular velocity Q of the trihedral about the z%-axis is expressed
by the formula

. . Vg « ! . _ N
Q—usmcp—{—_R_tgcp—-f-a ka ——m) (1.3)

where a* is the velocity deviation of the gyrocompass.

2. We shall assume that the ship manoeuvresat a given fixed latitude ob.
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We shall introduce new variables x, and x, through the relations

1

__ Rucose _ sing
—-'—'—V—'—""'xl, 8—mx4. (2.1)

We shall also replace the symbols 8 and y by the symbols x, and x,,
respectively. We shall assume besides that the parameters of the gyro-
compass are such that the condition

2Bg = PlRu (2.2)

is satisfied.

Then the system (1.2) could be Yeduced to

2 2
ﬁ—;%?FAMHwn=&@+P§u@w&+ﬁ@%=0 2
(2.3)
Zy +ucospr, —Q(t)x, =0, %;”;%g4r+QUW@W%=O
where
_1/ & __VPis
v= l/ﬁ’ pQ) = 2B sine, (1) (2.4)

From the system (1.2) we could obtain the equations of motion of the
gyrocompass, discussed in [1,2,3].

In order to obtain these equations, we must neglect the terms contain-
ing the factor (1, and we must regard the quantity p as a constant. Under
these conditions the system could be broken up into two independent
systems of equations with respect to x,, x, and x5, x, which determine
the undamped harmonic vibrations of the compass with the circular fre-
quencies v and p, respectively,

At high latitudes, the terms containing the quantity  become of the
same order of magnitude as the remaining terms in the system (2.3) and
could considerably influence the properties of the solutions. This can be
easily shown in the simple case corresponding to ! and p constant.

With these conditions the characteristic equation of the system (2.3)
could be written in the form
-

WML+ e=0, (b=p2+v2+207 e= (QF—p?) (022 —?) (2.5)

The necessary and sufficient conditions for the roots of (25) to be
pure imaginaries are

5>0, >0, b —4>0 (2.6)

The first and the third of the above conditions are always satisfied,
the second one implies the following inequalities:

either Q% — p2 >0, Q*—v*> 0. or QP—pP< 0, QF—v2< O (2.7)
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For example, if v? < 92 < p?, then the equation (2.5) will show that
¢ < 0, and the solutions of (2.3) in such a case will grow without bounds.

3. We shall now investigate the case where at a given latitude the
ship travels in a circle with constant speed v, begiming to circulate
for the first time from the Eastern course. Then

. 4 2
vy = vsinot, Vg = v C0S ol (w = %) (3.1

where @ is the circular frequency and T is the period.

From the formulas (1.1), (1.3) and (2.2) we have

<9 —- . ?}EGOSQ v 2y s a 3‘2
sin’g, »-[i 2Rusin‘*‘<p —(Rusin(p) }sm % (3.2)
Q . UN‘ U . vE vE' 7}N 3 3
" Rucose+ vy + qu’"'““f-?mt’gcpm-(Ii‘ucosq>-}—vE)2 (3-3)
Using the expressions (3.1) we obtain
s, _ 4 __o veose @ s
sin?g, = [’.l 2 Rusintg 008 wit (—-—““Ru sinq:) ]smch (3.4)

v W Cos wl

= i vige v? @ sin? of
Q= Rucos ¢ + vcoswt -+ using + —-ﬁ-——-cosmt+ (

Ru cos ¢ + v cos wt)?

(3.5)

Under these conditions the variable coefficients of the system (2.3)
would be periodic functions of period T. We shall investigate by the
Liapunov method the stability of the trivial solution of the system (2.3).

let || x.,(t)]|| be the fundamental matrix of the solutions of the
system (2.” corresponding to the initial conditions

1 =k
zjx (0) = 85 = {0 Gk (3.6)

where j is the index of the function x; and k£ is the index of a solution

(71.

In our case the characteristic equation of (2.3) will be reciprocal.
To prove this we apply the same reasoning which Liapunov used in his in-
vestigation of the system of differential equations in the problem of

three bodies [5].

We shall present the system (2.3) in the form of two equations in x
and x,. We have

T, 4 (v — Q¥ 1, = 2Q1tg ez, + Q' tg oz,
z," + (p*— Q) 2y = — 2Q ctg gz, — Q' clg ¢z

On the strength of formulas (2.4), (3.4), and (3.5) the functions p?
and Q will be even and the equations (3.7) will not change if we replace

1

(3.7
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t by — t and x; by ~ x,. Thus, if p-is any root of the characteristic
equation, then alongside the particular solutions

2 =M@)pT.  ze=N()p"T

where M and N are periodic functions of t of period T, there will also
exist particular solutions

iT T

- —t/
.'131::.1{(—0;1 N 1‘4:*1\7(—*—”@
The above solutions correspond to the root 1/p of the same character-
istic equation; consequently, the equation will be reciprocal of the form
o A+ AP+ Ap -1 =0

The regions of stability (non-asymptotic) are determined by inequal-
ities, also derived by Liapunov (see also [6]), which are as follows

—2< A< B, A(Ay—2) < AP < o (At 2) (3.8)
The invariants 4, and A, could be computed by the formulas
1 8
Ay = — Z z;; (1), 4, = ZLi (1) (3.9)
j=1 i=1
where
N [BEZCET: . L1113 Tl Ty
Ly = Ty x|’ Ly = T3 @y |’ Ly = Ty Tay l
(3.10)
I = Tz Loy i I - ) Top  Tag I Taz Tay [
“ Ty Tas | 8 ﬁ! Ty Tag | 87 | 2y Ty ?

4. In order to find the invariants A, and 4,, we shall replace the
system (2.3) by an equivalent system of Volterra integral equations of
the second kind, and then use successive approximations.

The construction of a scheme of successive approximations is more con-
venient when the ship begins to circulate from the Northern course. Then,
instead of (3.1) we have vy = v cos w t, vg =~ v sin w t, and the equa-
tions (3.,2) and (3.3) assume the form

sin?g, = [1 - 2 ctg? ¢ sin ot — (1 ctg ¢)?] sin (4.1)
o po 8in ol . . . L wio cos? ot
Q= — T sl + u sin ¢ — wu sin @ sin wt - Ty sin e
where (4.2)

= v
= Rucoso

In this case the functions p?(¢t) and Q(t) are not even; neverthe-
less, as we shall see later, the characteristic equation (2.3) is also
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reciprocal in this case.

We shall make calculations for speeds of the ship less than 25-30
knots (12-15 m/sec), with the period of circulation T = 4 min and for
¢ = 80°,

Under such conditions the dimensionless parameter p determined from
the formula (4.2) will be small compared with unity (of the order 0,15-
0.2). Using this assumption in the expansion

1

m=1+{&51nml+...

and taking into account that u sin ¢ is a small quantity of order ;12, we
obtain

Q = —pwsinwt + 0 (4?) (4.3)

where O(u?) denotes all terms of the same order a p? or higher. Similarly,
considering cot?¢ a small quantity at latitudes 70-80° we have
sin®g, = sin® o + O (u?) (4.4)
Using only the first terms in the expressions (4.3) and (4.4), we ob-
tain the system (2.3) in the form

(4.5)
x, — oos q)xz +potgesinotr, =0, 1, 4 ucoser, + powsin wtry =0
. v? . ., P2 .
s ~—mxa——uwctg¢>smwt$x =0, Z3 + 7 usingr, — posinwtz, = 0

Here, on the strength of (4.4), we have taken p = \/ Pls/2B sin ¢.

We shall break up the interval (0, T) into two intervals (0, #/w), and
{n/w, 27 /o). We have

4 4ot -
’ %H?(cossmt_{_ ccsﬁw +) (O«\tQ%)

‘m£+ (cosZwt+cosfewt ) (M < )

w

(4.6)

sin wt =

In the interval 0 t < 7/w, using the expansion (4.6), we shall ex-
press the system (4,5) in the form

x{——ucowxﬁ—ﬂotg@% 7 (2) tg
Ty + ucosery + Qyxy = f(t) x5
zg -+ :;:usin Py — Qozy = — f(t) 2, (4.7)
T — - ::n?sc3—£20 ctg oz, = — f (1) ctg o,

where
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Q=2po,  f()= Fuo (TSP 4 2B (4.8)

Considering the right-hand members of the system (4.7) as the known
functions of time and applying the method of variation of constants, we
shall reduce the system to the equivalent system of Volterra integral
equations of the second kind

l t

2 () = a0 () + | Ko 5 (6 D39 de + | Ko (1 92 () e+
0 0
t

¢
+ &KS,,-(t, 1) 24 (t) dt + &K4,5(t, )z (t)de (=1 2,3, 4) (4.9)
b

(]

where the functions x.°(¢) in the indicated interval are solutions of the
system (4.7) when the right-hand members equal zero (homogeneous solu-
tions).

The characteristic equation of this system is of the form (2.5)
N (P 92 2007) 12 o (Qg? — p?) (QpF —v2) = 0 (4.10)

Using the same reasoning as in Section 2, we conclude that if the
quantity Qoz is in the interval

V< Q) < p? (4.11)

then the equation (4,10) would have a positive root.

The condition ;> 7 could be reduced to
v > ;—?,—Ru cOS ¢ (4.12)
0
Assuming that the condition (4.11) is satisfied, we obtain the roots
of the equation (4,10)
A =m, hy = —m, g == ql, ho=—gql (4.13)
We shall apply to the equations (4.9) an iteration scheme, taking as
the first approximation x.(t) = x.%(t). The iteration scheme is fully

legitimate, because the sequence of the successive approximations for
the equations (4.9) is convergent.

Using only the first approximation we obtain solutions in the interval
(0, n/w) in the form

z; = C;chmt 4+ D;shmt 4 E;cos gt - G;sin gt (4.14)
Here
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¢ 3 4.15
C= mt gt [("33 + P+ Qo*) 21 (0) — 2 E%)—s; Qoms ‘0)] )

i Y i
D=5 {m® + ¢%) [a cos @ (m? 4 p? — Qo%) 22 (0) — Qo (m* + Qg — p) tg cpde)J

2

1 v
Ey= _m[(Pz‘FQoa—qz) 2 (0)—2 u Cus ¢ 901‘3(0)]

1 v? )
6= — g Lo (P — 2 — 4920 (0) — %0 (@ — P — ¢ g 2 0 |

1 2
Cs = e |t + P+ 22 2 0+ 20 (5 41 usin oz, (0)]
: ‘

1
Dy = w40 {u cos @ (£2,2 % —m?— p?)z; (0) — Qp (Mm% + Qo — v3) iy (0)}
1 2 .
By=— oy [(Qo“ + P*— ¢%) 72 (0) + (vgf +1 ) u Sin 9%, (0)]
1 p?
G — gy #0052 (0025 07— 1) 2 (0) — @ @t — v — g1 20 (0]

i
Cs = s | = S5 E Q0 (B )2 (0) 4 (2 + 052 +¥9) 7 (0

1 p? .
Dy = m (¥ ) [Qo (m?* 4+ Q4 — p?) 2y (0) + (-Qo2 —PP—3 mﬂ)‘u sin @z, (0)]
1 cns
Ba=jaro [u-—-w 20,5 +v) 2, (0) — (@ — v + %) 70 ‘“)]

1 R T .
Gs = — o7 [ Q0 (@t — 7 — W22 O+ (22— p* + Ty ) usinem (0) |

1 2
Co= oy q,,[zszo —= 592 (0) + (2 -+ Q5% + V) 2, (0)]

1
= m (m? 4 ¢%)

v

D, usin ¢

[-—— Qy (v2 — m? — Q2) ctg oy (0) + (m?— Q2 + v 23 (0}}

1 v? )
Bu= — s [ 2 s 22 (0) (@0 9 — g2, (0]
1

ve .
Gy = Y [Qo (v + ¢% — Q,?) ctg gy (0) — weine (v — Qg — ¢%) x5 (0) ]

Having formulas (4.15), it is easy to construct the matrix |[xjk(t) It
satisfying the initial conditions (3.6),

Taking into account the conditions (3.6) and using formulas (4.14)
and (4.15), we can construct the solutions z -3 in the interval (0, n/w),

which after proper adjustment to the new initial conditions can be con-
tinued in the interval (n/w, 27/w).

Equation (4.10) does not change when {1, is replaced by - Q ,; therefore,
in the interval (r/w, 2n/w) we shall also have solutions of the form
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(4.14), in which the coefficients C, D, E, G should be computed by the
formulas (4.15) changing- the sign of Q .

Let ¢ = 80, » = 30 knots, T = 4 min. The parameters of the compass
are as follows:

Pl = 4550 gem; s = 200 gem; 2B = 21 x 10% gem sec.

For the above data we have

p? = 2.0330 x 107° sec™?; © 2 = 1.02438 x 1075 sec™?,

since ¥2 =g/R = 0.15376 x 10~° sec™2, the condition (4.11) is satisfied,

and the roots of the equation will have the form (4.13).
In this case the computed values of m and g are
m=1,405799 x 1072 sec™!; q = 6.655935 x 1073 sec™l.

For the above data the matrix ijS(Tﬂ}, satisfying the initial condi-
tions (3.6), has the form

0.932136 28.302466 —1.123568 — 0491128

000456165 0.932136 ©-0.0009062  — 0.031682
0.00558646 -~ 0.0865987 0.492616 - 0.177823 (4.16)

00160201 --0.198115 4.249876 0.492616

The characteristic equation of the above matrix written with the
accuracy of three decimal figures is
pt - 2.848p3 - 3.805p% — 2.849p - 1.000 -2 0, (4.17)
Equations (4.5) have also been integrated on the high speed computer
"STRELA" under the same conditions that lead to the matrix (4.16). The
characteristic equation computed by the machine was

pt - 2.848p3 -1~ 3.809p2 — 2.848p +- 1.000 == O (4.18}

Equation (4.18) agrees very well with equation (4.17).

It can easily be shown that in both cases the conditions (3.8) are
satisfied; hence, the solutions are stable in the Liapunov sense, in spite
of the presence of the hyperbolic functions in the expressions (4.14).

5. If we consider the equations of the perturbed motion in the finite
interval of time (0, ¢*) (for example, in the interval 0 < t < w/w, which
corresponds to half a circulation) after which the ship resumes the
straight line course, then the presence of a positive root in the equation
(4.10) causes the coordinates x. to increase in the given interval (the

initial values at ¢t = t, are %, 0)).

In cases of prolonged manoeuvresof the ship, which consist of sequences
of turns and circulations, separated by intervals in which the ship
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travels in a straight line with constant speed (in such a case the motion
of a gyrocompass is described by a system of equations different from
(4.5)), and with non-zero initial conditions the gyrocompass could acquire
very undesirable oscillations of increasing amplitude.

6. Now considering the equation (4.10) and the formulas (2.4) we shall
allow the slope s characterizing the restoring moment to be sufficiently
small, and satisfy the condition p = v.

It could easily be shown that in such a case the indicated equation
will not have positive roots, consequently there will be no tendency for
oscillations to increase in amplitude.

It could be mentioned, that when p = v, the equations of the perturbed
motion (2.3) can be integrated in closed form and will possess the pro-
perties of the space gyrocompass of Geckeler-Anschutz.

This could easily be demonstrated by constructing the solution of
(2.3) by the method used in{4].
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